Abstract. In this paper, an alternative proof is presented of the following result on symbolic powers due to Ein, Lazarsfeld and Smith (for the affine case over C) and to Hochster and Huneke (for the general case). Let A be a regular ring containing a field K. Let a be a radical ideal of A and let h be the maximum of the heights of its minimal primes. Then for all n, we have an inclusion a (hn) ⊂ a n , where the first ideal denotes the hn-th symbolic power of a. In prime characteristic, this result admits an easy tight closure proof due to Hochster and Huneke. In this paper, the characteristic zero version is obtained from this by an application of the Lefschetz Principle.
Introduction
In [3] , Ein, Lazarsfeld and Smith derive the following 'classical' result, for which, surprisingly, no proof prior to theirs was known.
Theorem A ([3, Example 2.3]). Let F be a finite set of points in the projective complex plane. Let I F be the ideal of all homogeneous polynomials vanishing on F and let I (2k) F be the ideal of all homogeneous polynomials having multiplicity at least 2k at each point of F . Then
They derive this from the following general theorem on symbolic powers, proved using (asymptotic versions of) multiplier ideals.
Theorem B ([3, Theorem A])
. Let A be a regular affine domain over C and let a be a radical ideal of A. Let h be the maximal height of any minimal prime of a. Then for all n, we have that
where in general I (m) denotes the m-th symbolic power of an ideal I, that is to say, the ideal of all f ∈ A for which there exists some g not contained in any associated prime of I for which f g ∈ I m .
By an affine algebra over a field K, I mean a finitely generated K-algebra. Theorem A follows immediately from this general theorem by setting A equal to C[X, Y, Z] and a to the ideal of the cone on F , after moving F so that none of its points lie on the line at infinity and then embedding the projective plane inside 3-dimensional affine space. In particular, h = 2 and a (m) = I (m)
F , for all m. In [4] , Hochster and Huneke have generalized this to arbitrary characteristic, to arbitrary regular rings containing a field and to arbitrary ideals a (where we then have to take h equal to the maximum height of all associated primes of a). In fact, they give a tight closure proof (which is extremely easy if a is assumed to be radical) in positive characteristic, and then deduce the same result in characteristic zero by means of their theory of tight closure in characteristic zero. It should be pointed out though that tight closure theory in characteristic zero is not as elementary and stream-lined as it is in positive characteristic. However, using the definability results from [9] and [10] , this lifting to characteristic zero, at least in the affine case, can be done in a few lines. Indeed, it follows from these quoted papers that to be regular is definable in families, that being an associated prime is definable in families (and the number of these is uniformly bounded) and that height is definable in families (note that [10] and [11] use the term asymptotically definable in lieu of definable in families). Therefore there is for each n, a first order statement θ n (u, a) on a pair of codes (u, a) expressing that, if the algebra A encoded by u is regular, the ideal a encoded by a is radical and h is equal to the maximum of the heights of the minimal primes of a, then inclusion (1) holds. Since these formulae θ n are true in algebraically closed fields of positive characteristic, they also hold in characteristic zero, because of the Lefschetz Principle.
In the next section, I will explain the bold-face terms from the previous paragraph in more detail; for now, let me just give some meaning to them, albeit in a different language than in the text. Let P be a property of affine schemes of finite type over some field (or of their coordinate rings). We say that P is definable in families, if for each (affine) morphism f : Y → A m Z of finite type over Z, there is a constructible set Γ over Z, such that, for any field K, the K-rational points Γ(K) are precisely the K-rational points y ∈ A m K for which the closed fiber f −1 (y) has property P (we identify here f with its base change over K). The tuple y in K m corresponding to the closed point y is called an f -code of f −1 (y) or of its coordinate ring A. To encode for instance ideals, we do the following. For an ideal a in A, choose a closed subscheme Z of Y such that V(a) = f −1 (y) ∩ Z. We will view y also as an (f ; Z)-code for a. The Lefschetz Principle now states that given any Z-constructible subset (or, equivalently, any first order definable subset) Θ, if Θ admits a K-rational point over any algebraically closed field K of positive characteristic, then it admits a K-rational point over any algebraically closed field K.
In the final section, I give a brief sketch of how these results are generalized from the affine case to the general equicharacteristic case, as is done in [4] . At present, I unfortunately do not see how to avoid the Artin-Rotthaus Theorem [1] to obtain this generalization.
Proofs
I will first present the beautiful tight closure proof described in [4, p.2], due to Hochster and Huneke, of Theorem B, where C is now replaced by an arbitrary field of characteristic p > 0. Then I present two alternative versions (still different from the reduction technique in [4] ) of lifting this result to characteristic zero. Both versions rely on the model-theoretic point of view taken by Schmidt and van den Dries in [9] and by myself in [10, 11] . The first version is a straightforward application of the Lefschetz Principle, the second one a non-standard argument hinting at a new tight closure operation in characteristic zero, termed, for want of a better name, non-standard tight closure. More details on this new notion can be found in [12] , [15] or [13] .
Notation. In the sequel, K will always be a field and A an affine (=finitely generated) regular (and integral) K-algebra. Moreover, a will denote a radical ideal of A and h will be the maximal height of all minimal primes of a.
2.1. Characteristic p-Tight Closure Proof. Recall that the map x → x p is a homomorphism on each ring of characteristic p, called the Frobenius and denoted F p . If a is an ideal, then we denote by F p (a)A the ideal generated by all F p (f ) with f ∈ a, and a similar notation for powers F e p of F p . Note that F p (a)A is in general strictly contained in a p , since it is only generated by the p-th powers of elements in a. The one other property of Frobenius that will play an important role is it flatness on regular rings, proved by Kunz ([7] ). In particular, this implies, for any two ideals I and J of A, that we have an equality
I start with proving the following useful inclusion. For all e, we have an inclusion
Since F p and all its iterates are flat, the associated primes of a and F e p (a)A are the same. Therefore, in order to verify (3), it suffices to do this for each minimal prime p of a. Since a is radical, aA p = pA p . Since A p is a regular local ring, its maximal ideal is generated by as many elements as the dimension of A p . By assumption, this is at most h, so that we can find f 1 , . . . , f h ∈ a with aA p = (f 1 , . . . , f h )A p . Moreover, the hp e -th symbolic power is now just the hp e -th power, so that a
is generated by monomials in f 1 , . . . , f h of degree hp e . Since each such monomial must be divisible by a p e -th power of some f i , we verified (3) locally at each minimal prime p, whence globally.
We now prove the theorem. Let f ∈ a (hn) . Fix e and write, using the Euclidean division algorithm, p e as an + r, where a, r are integers with 0 ≤ r < n. Since m-th powers are contained in m-th symbolic powers, we get that f a ∈ a (han) . Therefore, we have inclusions
where the last inclusion is (3). Taking n-th powers of (4), we get that a
In particular, since p e ≥ an, we get for any non-zero
In other words, since t does not depend on e, we showed that f lies in the tight closure of a n (see for instance [6] for generalities on tight closure). However, any ideal in a regular ring is tightly closed ([6, Theorem 1.3]), so that f ∈ a n , as required. In fact, the following quick proof, shows that a n is equal to its tight closure. By (5), we have that
where we used (2). Therefore t lies in all powers of the ideal (a n : f ). However, since t = 0 and A is a domain, we must have by Krull's Intersection Theorem ( [8, Theorem 8.10] ) that (a n : f ) is the unit ideal, meaning that f ∈ a n .
2.2.
Characteristic Zero-Proof by Transfer. Instead of using, as in [4] , a tight closure proof in characteristic zero, I will use the Lefschetz Principle to derive the original result in [3] from the above positive characteristic form. By the Lefschetz Principle I mean the following well-known consequence of the completeness of the theory of algebraically closed fields: any first order sentence which holds in all algebraically closed fields of positive characteristic, also holds in all algebraically closed fields of characteristic zero (this is indeed equivalent to the assertion in the introduction, since for algebraically closed fields 'constructible' is the same as 'first order definable', in view of algebraic Quantifier Elimination or Chevalley's Theorem). In fact, it suffices to show that for each positive characteristic, the sentence is true in some algebraically closed field of that characteristic, to conclude that it is true in all algebraically closed fields (of any characteristic). A more algebraic form is given by isomorphism (9) below. To make the argument, I need to introduce some further notation. In this and the next section K will denote an algebraically closed field.
and X = (X 1 , . . . , X m ) a set of variables. Let u be the tuple listing all coefficients (in some fixed order) of the polynomials f i . We will express these (and similar) facts by saying that u encodes the K-algebra
and let a be an enumeration of all coefficients of the g j , so that a encodes a. Suppose that all f i and all g j have degree at most d. Choose d big enough so that also m, the number of variables, is at most d. Therefore, one can find a bound N = N (d) on the size of the codes u and a. I will now discuss various statements about the tuples u and a (for some fixed d) and show that they are first order definable. In fact, this is just a routine matter if one is familiar with the work of [9] and its additions in [10] .
The affine K-algebra A encoded by u is regular.
It follows from [10, Theorem 5.3] or from an application of the Jacobian criterion for regularity, that there is a first order formula without parameters Reg d (u) (this amounts in the present situation simply to the existence of a Z-constructible set Γ reg d
in affine u-space), so that Reg d (u) holds in K (that is to say, so that u is a K-rational point of Γ reg d ) if, and only if, (6) holds for the tuple u. In the next statement, we assume that A is encoded by the tuple u and a by the tuple a. Moreover, we fix some natural number h ≤ d.
The ideal a is radical and the maximum of the heights of its minimal primes is h.
In [9, Corollary 2.7] , it is shown that one can express in a first order way, in terms of u and a, that a is radical. Moreover, there is a bound d , depending only on d, so that the number of minimal primes is at most d and each minimal prime is generated by polynomials of degree at most d . Finally, for a fixed l, it follows from [9, Theorem 2.5] that one can express in a first order way that a prime ideal is a minimal prime of a and, from [10, Theorem 5.1] , that it has height l. Note that l is at most m ≤ d. In order to show that (7) is a first order statement, one has to apply this to each minimal prime of a. Since everything is bounded in terms of d and h only, we can find a formula Rad d,h (u, a) expressing the truth of (7). Now, fix a positive integer n and keep notation as before. (8) There is an inclusion a (hn) ⊂ a n .
By [9, Theorem 1.11], ideal membership is first order definable, with defining formula depending on the maximal degree of a set of generators. Therefore, since a n is generated by polynomials of degree at most dn, we only need to show that a
is generated by polynomials of degree at most d , with d only depending on d, h and n. One easily verifies that a (hn) is equal to the intersection of all primary components of a hn belonging to the minimal primes of a (these are unique). Since a hn is generated by polynomials of degree at most dhn, all its primary components can be generated by polynomials of bounded degree by [9, Theorem 2.10], so that the existence of the bound d follows from [9, Corollary 1.7], since we already observed that the number of minimal primes is also uniformly bounded. This concludes the argument that (8) can be expressed by a first order formula Symb d,h,n (u, a). Let ϕ d,n be the sentence
This sentence expresses, for all affine K-algebras A given by a representation
with the f i of degree at most d, and for all ideals a generated by polynomials of degree at most d, that if A is regular and a is radical, then (1) holds for this specific value of n and for h equal to the maximum of the heights of the minimal primes of a. Since this is true in any field of positive characteristic by our previous argument, we conclude by the Lefschetz Principle, that the statement is also true for every algebraically closed field of characteristic zero, thus proving Theorem B.
2.3.
Characteristic Zero-Non-standard Proof. A more algebraic proof can be given through the use of ultraproducts. Some more notation is required. By the previous principle, tuples in K encode objects living over K. If w is such a tuple (of a prescribed length) over K, let me denote the object it encodes by O(w); I will refer sometimes to O(·) as a formation of structure, where 'structure' is to be understood not in a technical, model-theoretic sense but rather in a metamathematical sense, and where the type of this structure (algebra, ideal or element) is then to be inferred from the context. To give an example using the notation introduced at the beginning of Section 2.2, O(u) is the structure A viewed as an algebra over the base field K and O(a) stands for the ideal a. We fix once and for all some non-principal ultrafilter U on the set of rational primes and we will always take ultraproducts with respect to this ultrafilter, without explicitly mentioning this (see for instance [5 such that the ultraproduct of the w p is w, and let O(w p ) be the corresponding object encoded by this tuple over F alg p . We call the sequence of structures O(w p ) (indexed by rational primes p) an approximation of O(w). If v is another tuple so that the corresponding structure O(v) encoded by it is a substructure of O(w), then it is the case that we can choose an approximation O(v p ) so that it is a substructure of O(w p ), and we will always do so without explicit mention. For instance, when A admits an approximation consisting of affine F alg p -algebras A p , then we will choose for a an approximation consisting of ideals a p in A p , and for f ∈ a an approximation f p with each f p ∈ a p . It is important to note that formation of structure does not in general commute with ultraproducts. For instance, if u and u p are the empty tuples, so that A = C[X] and A p = F alg p [X] respectively, then A ∞ := ulim p→∞ A p is the C-algebra of nonstandard polynomials in the variables X, which contains A as a proper subalgebra. Nonetheless, many algebraic properties are preserved due to faithfully flat descent. Namely, Schmidt and van den Dries proved in [9, Theorem 1.8] that (10) the canonical (diagonal) embedding A → A ∞ is faithfully flat.
Although (10) is only stated for the empty tuple in [9] , it holds for any tuple u, simply by base change. Let us start the proof of Theorem B for K = C. Let A be an affine regular C-algebra and a a radical ideal of A, with h the maximum of the heights of its minimal primes. Fix n and take f ∈ a (hn) . Therefore, for some non zero-divisor g modulo a, we have that f g ∈ a hn . Choose approximations A p , a p , f p and g p of A, a, f and g respectively (so that in particular f p , g p ∈ A p and a p ⊂ A p ). I claim that by Los' Theorem ([5, Theorem 9.5.1]) and [9] we have, for almost all p, the following properties:
• the ring A p is regular;
• the ideal a p is radical and the maximal height of its minimal primes is h; • the element g p is a non zero-divisor modulo a p ;
• the product f p g p lies in a hn p . Only the two first properties need some comments (although, in essence, they correspond to (6) and (7) respectively). In this particular case (since we work over an algebraically closed field), we can check regularity by means of the Jacobian criterion. Since this amounts to certain determinants not vanishing, this remains true for almost all p (see also [13, Theorem 4.9]). The fact that almost all a p are radical follows from [9, Corollary 2.7] or [13, Corollary 4.4] . To say that p is a minimal prime of a, is equivalent with saying that there exists t ∈ A, such that p = (a : t). Let p p and t p be approximations of p and t respectively. By an application of [ Corollary 4.7] , almost all p p have the same height as p. This concludes the verification of the two first properties, whereas the two last follow directly from Los' Theorem.
For those p for which all the above properties hold, we have by the last two properties that f p ∈ a (hn) p . Since we are now in characteristic p, the two first properties imply that f p ∈ a n p . Taking ultraproducts, we get that f ∈ a n (note that f = ulim p→∞ f p and that a ∞ := ulim p→∞ a p is equal to aA ∞ , so that a = a ∞ ∩ A by faithful flatness).
Concluding Remarks
3.1. Non-standard Tight Closure. The last proof suggests a tight closure operation in characteristic zero. Namely, with notation as before, let F ∞ be the ultraproduct ulim p→∞ F p of all F p ; we will refer to F ∞ as the non-standard Frobenius. Note that this is an endomorphism on A ∞ (but in general it does not leave A invariant). For an arbitrary affine C-algebra C and an arbitrary ideal I of C, I introduced in [13] the non-standard tight closure of I as the collection of all g ∈ C for which there is a t ∈ C not contained in any minimal prime of C, such that tF e ∞ (g) ∈ F e ∞ (I)C ∞ for all sufficiently large e, with C p some approximation of C and C ∞ their ultraproduct. In that paper it is shown that this is independent from the choices made (of tuples and representations, although, a priori, it might depend on the ultrafilter chosen) and that it satisfies many of the properties of a tight closure operation; see also [12] .
Returning to the previous proof and keeping its notation, we get by (3) in Section 2.1, that
Taking ultraproducts, we get that
showing that f lies in the non-standard tight closure of a n . However, since A is regular, any ideal is equal to its non-standard tight closure for essentially the same reason as in characteristic p, so that in fact f ∈ a n . The only thing we need is the flatness of the non-standard Frobenius. In fact, we only need that the restriction of F ∞ to A is flat. This follows easily from Kunz's result in characteristic p; see [13, Proposition 3.1] for an argument using linear equations or [12, Corollary 3.4] for an argument using regular sequences.
3.2.
Non-regular Affine Algebras. In [4] , the authors give a version of Theorem B even in case A is not regular and a is not radical, involving the Jacobian ideal of A. To lift this result to characteristic zero, at least in the case A is affine over an algebraically closed field, we can instead use the Lefschetz Principle, by the same argument as above. One only needs to observe that (i) by [10, Corollary 6.2] , the Jacobian ideal has bounded degree; (ii) by [10, Proposition 5.1], depth and dimension are definable in families; in particular we can express in a first order way that A is reduced and equidimensional and a is locally generically free; (iii) analytic spread ( [2, Definition 4.5.7] ) is definable in families, since the graded ring of a is definable in families by [14, Theorem 1.2] . Finally, in the presence of associated primes, we need a refinement of the argument that (8) is definable in families. This will follow immediately from the following result.
3.3. Proposition. For each d, there exists a bound d with the following property. Let A be a homomorphic image of a polynomial ring over a field in at most d variables by an ideal generated by polynomials of degree at most d. Let I and p be ideals in A generated by (residues of ) polynomials of degree at most d, with p a prime ideal containing I. Then J = IA p ∩ A can be generated by polynomials of degree at most d .
Proof. If p is not contained in an associated prime of I, then IA p ∩ A = I, so there is nothing to prove. Therefore, assume that p is contained in some associated prime of I. Choose some minimal primary decomposition
I claim that J = IA p ∩A is equal to the intersection of all g i contained in p. Indeed,
The statement now follows from [9, Corollary 1.7 and Theorem 2.10], for we can choose a primary decomposition (13) in which all g i are generated by polynomials of degree at most d , for some d depending only on d.
In conclusion, we can deduce from its positive characteristic counterpart by means of the Lefschetz Principle, the following generalization due to Hochster and Huneke.
Theorem ([4, Theorem 4.4]).
Let A be an affine equidimensional reduced Kalgebra, with K an algebraically closed field. Let a be an ideal of A such that for each prime ideal p containing a, the ideal aA p contains a non-zero divisor. Let h be the maximal analytic spread of aA p , where p runs over all associated primes of a. Then for each positive integer n, we have an inclusion
where J A denotes the Jacobian ideal of A.
3.5. Non-affine Case. In [4] it is shown that Theorem B holds for any regular ring containing a field. In fact, it is shown, among other things, that Theorem 3.4 is true over any Noetherian ring containing a field. I will not prove this most general version, but only the following generalization of Theorem B to the non-affine case. Note however, that we will not rely on the results from [4] ; the proof will be entirely self-contained apart from one appeal to the Artin-Rotthaus Theorem in the form discussed in [12] or [15] .
Theorem C ([4, Theorem 1.1]). Let A be a regular ring containing a field and let a be a radical ideal of A. Let h be the maximal height of any minimal prime of a. Then a (hn) ⊂ a n , for all n.
Sketch of proof. First, as far as proving Theorem B is concerned, we could have worked, instead of over C (using (9)), over any uncountable algebraically closed field of characteristic zero, since any such field is an ultraproduct of algebraically closed fields of positive characteristic. Moreover, one easily checks that by faithfully flat descent, we may always make an extension of the base field. In short, we proved Theorem B for any affine regular algebra (over any field). Next, the assumption in Theorem B that a is radical can be relaxed, as long as we make the appropriate choice for h. Namely, inspecting the argument in 2.1 in conjunction with our previous observation, we have actually proven the following (we will write µ(I) to denote the minimal number of generators of an ideal I).
Corollary D. Let A be an affine algebra over some field K and let a be an ideal in A. If A is regular, then a (hn) ⊂ a n for all n, where h is the maximum of all µ(aA p ) for p running over all maximal members of Ass(A/a).
I turn now to the proof of Theorem C. I claim that it suffices to prove the statement for a a prime ideal (of height h). Indeed, for a an arbitrary radical ideal, let p 1 , . . . , p s be its minimal primes. Hence a = p 1 ∩ · · · ∩ p s . Let h be the maximum of the heights of the p i and fix some n ∈ N. By the assertion for prime ideals, we have p s , for all m. To prove the latter fact, note that one inclusion is clear. Therefore, assume that f lies in the right hand side of (15). Put I i := (p m i : A f ). By assumption, I i is not contained in p i , for each i. However, since p m i is contained in I i , no other minimal prime p j contains I i either. Therefore, we can find y i ∈ I i but outside any p j . The product y of all y i therefore has the property that yf ∈ p m i , for all i. Moreover, y is not a zero-divisor on A/a, showing that f ∈ a (m) as required. Therefore, we may take a to be a prime ideal p of height h. As in the proof of [4, Theorem 4 .4], we may localize (at some prime ideal containing p) and then take the completion, so that A is a complete regular local ring whence a power series ring K[[X]] over a field K. Fix some n and let f ∈ p (hn) . We need to show that f ∈ p n . Since A p is a regular local ring of dimension h, we can find f 1 , . . . , f h ∈ p such that they generate the maximal ideal in A p . Moreover, our assumptions imply that there exists y / ∈ p such that yf ∈ (f 1 , . . . , f h ) hn A. Let A 0 be the (affine) K-subalgebra of A containing y, f , f i and all the coefficients in a linear combination expressing that yf ∈ (f 1 , . . . , f h ) hn A. In particular, this latter equation already holds in A 0 . I claim that we can find K-algebra homomorphisms ı : A 0 → B and γ : B → A with B an affine regular K-algebra, such that the composition γı is equal to the inclusion A 0 ⊂ A. Let q := B ∩ p and let b := (ı(f 1 ), . . . , ı(f h ))B q ∩ B. It follows that b is the q-primary component of (ı(f 1 ), . . . , ı(f h ))B and bB q is generated by h elements. Corollary D applies, showing that b (hn) is contained in b n . On the other hand, by construction yf ∈ (f 1 , . . . , f h ) hn A 0 . Since ı(y) / ∈ q, it follows that ı(f ) ∈ b (hn) ⊂ b n . Applying γ then yields that f = γı(f ) lies in p n , as required. Finally, the claim is an immediate consequence of a far more general result: the Artin-Rotthaus Theorem [1] , which says that we may even assume that B is smooth over K[X]; see [12, Theorem 6.8] for details (I do not know of a more direct argument avoiding the use of this deep theorem).
